Solid-state magnetometers like the Nitrogen-Vacancy center in diamond have been of paramount importance for the development of quantum sensing with nanoscale spatial resolution. The basic protocol is a Ramsey sequence, that imprints an external static magnetic field into phase of the quantum sensor, which is subsequently readout. In this work we show that the hyperfine coupling between the Nitrogen-Vacancy and a nearby Carbon-13 can be used to set a post-selection protocol that leads to an enhancement of the sensitivity under realistic experimental conditions. We found that for an isotopically purified sample the detection of weak magnetic fields in the µT range can be achieved with a sensitivity of few nTHz −1/2 at cryogenic temperature (4 K), and 0.1 µTHz −1/2 at room temperature.
I. INTRODUCTION
Quantum metrology takes advantage of the quantum properties of the system to achieve better precisions than allowed by its classical counterpart [1] . In particular, probabilistic quantum metrology aims to further increase the retrievable information of a parameter by means of a selective measurement. Inspired by the findings of Aharonov, Albert and Vaidman [2] , where a measurement sequence consisting of pre-selection, weak measurement and post-selection leads to an anomalous amplification of the measurement result, several theoretical works [3] [4] [5] [6] [7] and experiments [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] have followed to explore such anomalous amplification. Nevertheless, there remains a longstanding controversy regarding whether probabilistic quantum metrology has practical advantages over standard techniques for parameter estimation [16, [18] [19] [20] [21] [22] [23] . In this work, we investigate the important case of spin magnetometry with color centers in diamond, and provide experimental parameter regimes where probabilistic quantum metrology performs better than conventional Ramsey spectroscopy.
Quantum sensors, in particular solid-state magnetometers like the Nitrogen-Vacancy (NV) center in diamond have attracted widespread attention as a powerful tool at the nanoscale [24] [25] [26] [27] [28] [29] [30] [31] [32] . Developement of sensing protocols and experimental techniques facilitates detection of weak magnetic fields, featuring applications including sensing of single protein [33] , small molecules [34] , single spins [35, 36] , and more recently 3D reconstruction of a nuclear spin cluster [37] .
In the following, we focus on DC magnetometry using an NV center. The conventional measurement is realized by a Ramsey sequence with only the electronic spin of NV. Here we consider in addition a weakly cou- * Electronic address: raul.coto@umayor.cl pled 13 C nuclear spin located nearby the NV center. We show that by following a particular sequence involving post-selection, one can achieve better magnetic field sensitivity-the minimum detectable magnetic field in a fixed interrogation (sensing) time.
II. THEORY
The original proposal to explore the physics behind weak measurement involves the weak interaction between a qubit and a meter (weak measurement) followed by a post-selection on the qubit state (strong measurement) [2] . A general review could be found in Refs. [3, 6] . In this proposal, Aharonov, Albert and Vaidman considered the meter state expanded in a continuous variable space like the position or momentum space. Their measurement sequence led to an anomalous amplification of the meter observable, which is termed "Weak Value Amplification". This is later generalized to the case where the meter is also a qubit with discrete states [38] , which we describe below. Let us consider two spin-1/2 particles interacting through the Hamiltonian H i = gσ z 1 σ z 2 , with g the coupling strength and σ z 1 (σ z 2 ) theẑ-component of Pauli operator acting on the system (meter). First, we prepare the system (meter) in the initial state |ψ i (|φ i ) and let them interact for a certain time t c , fulfilling gt c ≪ 1. After post-selecting the system in the state |ψ f , the final state of the meter reads (up to renormalization)
with σ z 1 w = ψ f |σ z 1 |ψ i / ψ f |ψ i being the weak value. The final outcome is the expectation value of the meter operator σ z 2 ,
The above equation shows that σ z 2 is proportional to the imaginary part of the weak value which can be, in principle, a very large quantity.
Our protocol follows a similar procedure, consisting of pre-selection, weak interaction and post-selection. However, instead of amplifying the weak signal from the qubit-qubit interaction itself, we take advantage of the weak interaction and use it to enhance the sensitivity for an external magnetic field. For convenience, we replace the initial state preparation and final state post-selection by two unitary rotations. The composite system evolves
Here, the operator R 1 (R 2 ) represents rotations of the system (meter) and U τ is the free evolution of time τ under the intrinsic Hamiltonian. Hence, the post-selected state will be given by ρ post = ψ f |U ρ i U † |ψ f , and the expectation value of the meter observable is
We are interested in the narrow shape of the signal σ z 2 that can be obtained by tuning the angles {α, θ i , θ f } and the free evolution time τ . This particular feature will be our starting point to enhance the magnetic field measurement, and it is independent of the fact of having amplification or not. The amplification of the signal and a better sensitivity could be attained in the same protocol. A significant amplification has been observed in a similar system, but with the weak measurement being controlled by a pulse sequence composed of a couple of CNOT gates [15] .
In the next section, we will show how this narrow shape of the signal turns out to be beneficial and how this procedure can be implemented in a real quantum nanosensor with current technologies at low temperature. This allows us to implement the protocol performing single-shot readout, improving the signal-to-noise ratio. Moreover, we will discuss the case where the protocol is performed at room temperature and how this affects the performance.
III. THE MODEL
Consider a concrete bi-partite system model given by an electronic spin-1 (S = 1) of a negatively charged Nitrogen-Vacancy center (NV − ) and a nearby nuclear spin-1/2 (I = 1/2) of a Carbon-13 ( 13 C ), as illustrated in Fig. 1-(a) .
The ground state of the NV − is a spin triplet labelled by the spin quantum number m s = 0, ±1 (S = 1). An external magnetic field B z along the N-V axis (z-axis) induces Zeeman energy splitting between the spin sublevels m s = +1 and m s = −1 and lifts their degeneracy. The 13 C is hyperfine coupled to the NV − center, yielding the system Hamiltonian ( =1)
where D/2π = 2.87 GHz is the zero-field splitting of the NV − center, γ e /2π ≈ 2.8 MHz/G, and γ c /2π ≈ 1.07 kHz/G are the gyromagnetic ratios of the electron and 13 C nuclear spins, respectively. B is the small magnetic field to detect and A zz is the hyperfine coupling strength. We choose a weakly coupled 13 C nuclear spin aligned close to the N-V axis, such that its anisotropic hyperfine coupling terms such as A zx are small and thus neglected here.
To further simplify the analysis, we focus on the 2-level submanifold {|0 (m s = 0), |1 (m s = −1)} for the electronic spin of the NV − , while for the 13 C we consider the complete basis |↑ (m c I = +1/2) and |↓ (m c I = −1/2). In Fig. 1-(b) we show the energy levels of our configuration, indicating the relevant transitions with blue solid lines.
In order to manipulate the energy sublevels depicted in Fig. 1-(b) , we apply a series of microwave (MW) and radiofrequency (RF) pulse sequences (square pulses) that results in the total Hamiltonian in a multi-rotating framẽ
where Ω e i and Ω c 0 are the Rabi frequencies of the MW and RF fields acting on the electron and nuclear spins,
In what follows, we apply our protocol ( Fig. 1 -(c)) to the system, which leads to the enhancement of the magnetic field sensitivity. First, the system is initialized to the state |Ψ i = |0 ⊗ |↓ . Efficient nuclear spin initialization has been demonstrated in Refs. [39] [40] [41] [42] [43] . Second, we prepare the 13 C nuclear spin in a coherent superposition state |0 ⊗ (cos(α/2) |↑ + sin(α/2) |↓ ) via the RF field (Ω c 0 ). Third, a strong MW pulse rotates the NV − electronic spin by an angle θ i which is independent of the 13 C nuclear spin state, yielding
We will refer to Eq. (6) as the pre-selected state and it serves two goals in the sensing protocol: firstly, it acquires a phase proportional to B, directly contributing to the magnetometry. Additionally, it enables a weak interaction between the 13 C and the NV − that is fundamental for probabilistic quantum metrology and the enhancement of the sensitivity. Next step, we let the system evolve for an interrogation time τ , leading to |Ψ 1 = cos(θ i /2) cos(α/2)e −iδ ↑ 1 τ |1 ⊗ |↑ + cos(θ i /2) sin(α/2)e −iδ ↓ 1 τ |1 ⊗ |↓ + sin(θ i /2) cos(α/2)e −iγcBτ /2 |0 ⊗ |↑ + sin(θ i /2) sin(α/2)e iγcBτ /2 |0 ⊗ |↓ .
Finally the system is post-selected upon NV − in a target state |ψ f = cos(θ f /2)|1 +sin(θ f /2)|0 . This process is illustrated in Fig.1-(c) . In sensing a weak magnetic field B, we have γ c Bτ ≪ 1. Therefore the post-selection leaves the nuclear spin in the state
The above state needs to be normalized, such that |φ post = |φ post / √ P s , where P s is the probability of having a successful post-selection,
The final signal is proportional to
At cryogenic temperature (4 K), the combination of single-shot readout (SSR) of the NV − electron and a nuclear spin controlled CNOT gate on the electronic spin enables SSR of the nuclear spin to directly measure I z . SSR on the NV − reaching > 96% fidelity takes 3.7µs [44] . A nuclear spin controlled CNOT gate is in principle limited in speed only by the hyperfine interaction strength, which gives correspondingly a few to a few tens of microseconds [45, 48] .
We now compare the signal obtained in Eq. (10) to the simple case of Ramsey spectroscopy (π/2) x − τ − (π/2) x considering a single spin, the NV − electronic spin. The ramsey signal follows S z R = 1/2 − cos(δ ↑ 1 τ )/2. Notice that our protocol shares a common ground with the Ramsey technique when sensing DC magnetic field as phase sensing. Furthermore, when the nuclear spin related part is removed, our protocol converges to the conventional Ramsey sequence. Nevertheless, our protocol employs a more elaborate procedure involving the additional nuclear spin, allowing further gain in sensitivity via the post-selection process. To emphasize the role of postselection, we analyze the case where no post-selection is carried out. Since I z = cos(α)/2 carries no information about the magnetic field in this case, we calculate the expectation value of I x instead:
This brings no benefits as compared to the simpler case achieved with a single spin by the Ramsey sequence because the nuclear spin itself is not a very sensitive magnetometer. It is the post-selection that allows us to imprint the phase information into the nuclear spin, in such a way that variations of the post-selected angle θ f calibrates the amount of information extracted from the measurement process [5] .
IV. RESULTS
The magnetic field sensitivity is defined as the minimum detectable magnetic field normalized to a fixed interrogation (sensing) time [26] . The minimum detectable magnetic field is found through the standard deviation ∆B [28, 30] ,
where ∆I z = I z 2 − I z 2 is the standard deviation of the signal from the 13 C nuclear spin. Clearly, in order to increase the sensitivity, we need a fast variation of the signal I z through the post-selection process. In Fig. 2-(a) we fix B = 10 −2 G and show the behavior of I z as a function of the interrogation time τ . For convenience, we choose both spins initially prepared in a superposition state with α = θ i = π/2 and the post-selected state to be parallel to the pre-selected electronic spin state θ f = π/2. Without loss of generality, we consider A zz = 100 kHz and we set ∆ = −0.56 MHz to optimize the probability of post-selection and the standard deviation. Notice the region around τ = 7µs with a large slope of the signal, suggesting better sensitivity. The price to pay is a lower probability of successful post-selection (P s ), which reaches a minimum of 1.5%. This trade-off between the signal gain and the probability of success is common in protocols that rely on post-selection, as stated in the field of weak value amplification [2, 18] . Consequently, many trials are required for the successful post-selection. Interestingly, even when outcomes are discarded, there is valuable information in the post-selection's statistics that can be used [18, 23] , given that P s in Eq. (9) is a function of B.
Now we move on to show the minimum detectable field allowed in our protocol according to Eq. (12) in Fig. 2-(b) . One observes from the plot that our protocol constitutes a better route towards minimizing ∆B in some parameter regimes. In other words, concentrating the most valuable information into a single successful measurement by post-selection provides an advantage for improving the minimum detectable magnetic field in a region in parameter space.
For practical purposes, a better witness to compare different sensing protocols is the sensitivity [26, 28, 30] 
where t m is the total sequence time including initialization, interrogation and measurement. The initialization (t i = 20 µs) and measurement time are usually fixed in a sequence, making the sensitivity dependent on the interrogation time. Moreover, the interrogation time τ is limited by dephasing of the magnetometer, given by the characteristic time T * 2 of the NV − electronic spin. This is intuitive since the acquired phase will come together with the dephasing noiseφ = (−γ e B − i/(2T * 2 ))τ and diminishes during interrogation. We split the measurement time for a single run into the post-selection time t p (NV − readout) and 13 C readout time t r . Note that we have neglected some dead time used for control. Firstly, we focus on the low temperature regime, 4 K, where we can perform single-shot readout of the NV − electronic spin (t p = 3.7 µs [44] ) and 13 C nuclear spin (t r = 15 µs [48] ). In Fig. 3 , we show the sensitivity as a function of τ , for different coherence times, T * 2 = {100, 50, 10} µs. We consider a weak magnetic field B = 10 −2 G and α = θ i = θ f = π/2. Note that as the coherence time given by T * 2 decreases, η increases, meaning that the sensitivity deteriorates. We numerically found that for T * 2 above 50 µs our protocol reaches a better sensitivity than the Ramsey sequence. However, bellow this interrogation time Ramsey sequence prevails. Although the T * 2 of naturally occuring NV − electronic spins in a natural abundance diamond sample is typically around a few microseconds [15] , it could be significantly increased in an isotopically purified sample [31] . It has been reported that in a 99.99% spinless 12 C diamond sample, a coherence time T * 2 = 470 ± 100µs has been achieved [45] , while about 10% of all NV − still exhibits nearby 13 C 's. Therefore the parameter regime where a post-selection brings on practical advantages in sensitivity is achievable in experiment.
We emphasize that our protocol is versatile, and it can be coupled to another mechanism that improves the sensing part. First, recent works have paved the way to take advantage of the 13 C nuclear spin and use it as a memory to extend the interrogation time or refocus static noise [29, 46] . Second, one can apply active techniques to diminish the effect of the dephasing noise on the electronic spin, such as Continuous Driving with π-rotaryecho (RE) composite pulse [30] , Continuous Dynamical Decoupling [32] or using error correction [47] .
Hereafter, we consider an isotopically purified sample with the NV − electron T * 2 = 10 2 µs. Moreover, there is a factor C ≤ 1 [26, 27, 30] , η C = η/C, that takes into account readout inefficiencies (photon collection, contrast) and interactions with other elements in the diamond lattice. For our purified sample and assuming ideal singleshot readout, this factor approaches to unity. Therefore, we can roughly estimate the sensitivity of our magnetometer for an optimal interrogation time τ = 8.75 µs to be η = 4.13 nTHz −1/2 (C = 1), and for a non-ideal scenario (C = 0.707 [26] ) we get η C = 5.84 nTHz −1/2 . We have set ∆ = −0.30 MHz to optimize the probability of success P s = 0.44, which is a very high probability and doubles the typical values of experiments involving post-selection [14, 15] .
At room temperature, the process is more challenging. Here, a high magnetic field is generally required (B z > 2000 G) [49] and also the presence of an auxiliary spin to perform repetitive readout. To accomplish this goal we consider the Nitrogen-14 nuclear spin ( 14 N), and single-shot readout of electron is achieved by firstly mapping it to the 14 N and then readout the nuclear spin. Considering 2000 repetitions we obtain t p = 5 ms [49] and t r = 30 ms [48] , leading to η C = 0.16 µTHz −1/2 .
V. CONCLUSIONS
In summary, we have presented a new experimentally feasible protocol based on post-selection to estimate a weak magnetic field. The information of the field is stored in a relative phase acquired by the electronic spin of a NV − center in diamond during the weak interaction between the NV − and a nearby 13 C nuclear spin. The most valuable information regarding the magnetic field is focused on a single successful measurement, a scenario that have been exploited in experiments with weak value amplification. By simulating realistic conditions of losses and readout inefficiencies, for coherence times above T * 2 = 50 µs our sensitivity is better than the conventional Ramsey sequence, and at cryogenic temperature (4 K) we achieved few nTHz −1/2 , which is of the order of the theoretical attainable sensitivity for a single sensor spin [28] . In addition, at room temperature the most limiting factors are the slow control and the number of repetitions for the readout of the 13 C . The first can be further improved by considering a closer 13 C -assuming a coherence time that is long enough, or via stimulated Raman control [41] . The latter could be improved by using Bayesian estimation [50] . Finally, our protocol is suitable for decreasing the required interrogation time (τ ) bellow the one needed for the same sensitivity with a Ramsey sequence, by appropriately choosing the parameter regime. 
